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Abstract. Matrices appearing in Hartree—Fock or density functional
theory coming from discretization with help of atom—centered local ba-
sis sets become sparse when the separation between atoms exceeds some
system—dependent threshold value. Efficient implementation of sparse
matrix algebra is therefore essential in large—scale quantum calculations.
We describe a unique combination of algorithms and data representa-
tion that provides high performance and strict error control in blocked
sparse matrix algebra. This has applications to matrix—matrix multipli-
cation, the Trace—Correcting Purification algorithm and the entire self—
consistent field calculation.

1 Introduction

The properties of matter as we see it are parametrized by the behavior of single
atoms. On one hand, atoms that strongly bind to each other will often make
a strong material. On the other, few atoms missing from the crystal structure
will introduce strain on microscopic scale that can considerably affect macro-
scopic mechanical or electric properties of samples consisting of many orders of
magnitude more atoms. A doping concentration of 1 atom per 10° can make the
difference between an insulator and a semiconductor [1]. Unfortunately, direct
investigation of processes at this level is often difficult and sometimes outright
impossible since the act of measurement itself can affect its result [2,3]. Com-
puter modeling of such processes becomes very important for the understanding
of such systems. Since creation and breaking of chemical bonds often involves
redistribution of the electronic wave function, the system must be described at
the quantum level. There are many processes that do not involve considerable
electron redistributions and they can be simulated at a simpler, classical level
— this is however out of scope of this article. Each electron — and interesting
systems consist of thousands of them — is described by its wave function deter-
mining the probability that the electron can be found at some point in space.
The total electronic wave function must fulfill additional conditions. Since the
electrons are indistinguishable fermions, the total wave function must change



only sign when two electrons are swapped. This constraint leads to the simple
Slater determinant representation ansatz and in turn to the Hartree-Fock (HF)
model of the Schrédinger equation if only one determinant is used. The HF
model effectively simulates electron movement in an approximate, averaged field
of all other electrons and nuclei, and all motion correlation effects are neglected.
There have been many attempts to improve this by — for example — including
more determinants in the expansion, but they lead to considerably increased
computational cost [4]. One of the main advantages of the HF theory is that
the practical implementation can be made to scale linearly with the size of the
modeled system. An alternative to wave function theory is the so—called Density
Functional Theory (DFT). This theory avoids to some extent the complexity
associated with wave function theory by using the electronic density p(r) as the
primary variable. This variable choice automatically makes the electrons indis-
tinguishable — only the total density can be determined. The major challenge
of DFT is to determine the energy associated with a given density. The initial
obstacle related to the kinetic energy term was overcome by the theory of Kohn
and Sham (KS). This theory exploits the success of HF and introduces a con-
cept of orbitals so that the kinetic energy functional is evaluated in a manner
analogous to HF theory. Currently, many approximations exist for the remaining
exchange and correlation terms.

This paper is concerned with an effective way of representing electron density
in HF and KS theories. The density p(r) is usually represented by a matrix
expansion

K

p(r) =3 Dygby(r)by(r) (1)

p,q=1

where D,, are elements of the density matrix D and {b,(r)} is a set of K basis
functions. Common choices for the basis set 2include plane wave functions, Slater
functions e~*", or Gaussian functions e , the two latter ones multiplied by
an angular part and centered at the atoms. The objective of such calculations is
to minimize the total HF /KS energy F expressed in terms of the one—electron
operator matrix Hy, the two—electron matrix F5, and — in case of DFT — an
exchange—correlation term Fy.

—Qar

1
E = Tx [HyD] + STt [FoaD] + Exc (2)

The matrix H; that includes kinetic energy and nuclear attraction terms depends
only on the chosen basis set and atom charges and positions. The matrix Fbe)
and the scalar F,. both depend on the trial electron density. From now on, the
total HF /KS potential matrix F = Hj + Fbe will be referred to as the Fock
matrix. In case of DFT, an additional exchange—correlation term Fy. is added
to F. HF/KS calculations are done in cycles, each of them involving two time
consuming steps: a) evaluation of the Fock matrix for a trial electron density
and b) search for the corresponding density matrix. These cycles are performed
until self-consistence is reached. The formation of the new density matrix in
step b) traditionally uses the so—called aufbau principle: The Fock matrix F is



diagonalized to obtain its eigenpairs. The eigenvectors C°° associated with the
smallest eigenvalues are combined to obtain the density matrix D:

F(Cocc = ¢S(C°cC N D= Cocc(cocc)T (3)

where S is the basis set overlap matrix. This operation scales cubically with
the problem size and becomes the bottleneck for large systems. A method that
takes advantage of the existing sparsity in the F' matrix is needed. Several al-
gorithms have been proposed for this purpose [5-12]. All of them compute the
solution iteratively by repeated matrix—matrix multiplications. The performance
is therefore closely connected to the efficiency of the multiplications. The mul-
tiplications can scale linearly if multiplications by zeros which are present in
sparse matrices are avoided. Multiplication may result in new small elements
appearing but this fill-<in can be prevented by filtering out small elements. A
systematic filtering algorithm will control the error propagation and contain it
under the user-requested threshold.

This paper presents a unique combination of algorithms that provide a ro-
bust framework for sparse matrix operations and enable linear scaling in density
purification methods. First, a trace—correcting purification (TC2) algorithm is
reviewed and some of its computational aspects are described. We then dis-
cuss sparsity properties of the involved matrices and review shortly an efficient
method for the error control crucial for the TC2 algorithm. Next, we introduce
the Hierarchic Matrix Library that was used to implement this algorithm. Fi-
nally, we present some benchmarks of this library.

The benchmark systems presented in this article are water droplets with up
to 888 molecules, generated by molecular dynamics at 300 K. All benchmarks
were performed on an Intel Xeon EM64T 3.4 GHz and 3-21G basis set was used
unless stated otherwise.

2 Trace—Correcting Purification

Our work with sparse matrix algebra was motivated by the need for fast and re-
liable matrix operations in density matrix purification methods. Density matrix
purification has been proposed in a multitude of variants [8-12]. The purification
algorithms rely on the fact that the Fock matrix and the density matrix share a
common set of eigenvectors but have different eigenvalues. One therefore applies
a series of eigenvector conserving transformations to the Fock matrix so that
the eigenvalues corresponding to occupied eigenvectors converge to 1 and the
remaining eigenvalues converge to 0.

The trace—correcting purification algorithm (T'C2), developed by Niklasson [9],
is not only the simplest one but is also very competitive when it comes to per-
formance measured in number of matrix—matrix multiplications required to con-
verge [9,11]. The TC2 algorithm assumes orthogonal basis set, i.e. the overlap
matrix S = I. Therefore, the generalized eigenvalue problem in Eq. 3 has to be
transformed to standard form. This can for example be achieved by a Cholesky
decomposition of the overlap matrix S = UTU [13]. The purification algorithm



is then applied to F,,; = U"TFU™! resulting in a density D,,; in orthogonal
basis which can be transformed back to the original basis by D = U~ ' D, .U~ ".
This results in an additional cost of four extra matrix—matrix multiplications
per self-consistent field cycle plus the cost of one inverse Cholesky decomposi-
tion of the overlap matrix. TC2 also requires upper and lower bounds 1max and
1min of the eigenvalue spectrum which can be obtained using eg. the Gershgorin
theorem [14]. The algorithm is as follows:

compute P = (lmax*I - F)/(lmax - lmin)
while not converged
if (trace(P) > N) then
P := PxP
else
P := 2xP - P%*P
end while

The final result of the purification is contained in P. The efficiency and relia-
bility of the purification algorithm depend on the representation of matrices and
the algorithms used for the matrix manipulations. In particular, two important
operations are repeated in each iteration of the procedure: 1) The symmetric
matrix square and 2) Truncation of small matrix elements. Both these opera-
tions are described later on in detail. The simplicity of the TC2 algorithm is very
appealing but one has to be aware of its drawbacks. One potential deficiency of
the TC2 algorithm is that the accumulated error grows exponentially during a
number of iterations — see eg. [10] and [15]. It is therefore crucial to diligently
control the truncation error. Also, degenerate eigenvalues at the band gap — for
which the diagonalization method would randomly pick some to be occupied —
cannot be automatically handled and require separate treatment.

3 Sparsity

One feature that distinguishes matrices appearing in HF and KS computations
is their rather limited sparsity. Sparsity patterns have previously been investi-
gated for linear alkanes [16]. These systems are very sparse and linear scaling
can therefore be achieved for relatively small systems. Three-dimensional dense
systems like the water droplets we are using for benchmarks in this article are
considerably more difficult to handle. The left panel of Figure 1 shows that the
matrices have thousands of nonzeros per row and that this value is still increas-
ing for 610 water molecules. While sparsity is larger in some cases, algorithms
have to be able to handle semi—dense cases as well. In all computations presented
in this article, the truncation of matrices was done so that, for given matrix A,
truncated matrix A, and threshold 7, ||[A — A||r < 7 as described in section 4.
A threshold of 7 = 107* gives errors in total HF/KS energies of about 107°
Hartree.

Previous work within this field use a blocked compressed sparse row rep-
resentation [17] to store the non—vanishing submatrices. In this setting, basis
functions are grouped into atom [6] or multi-atom [18] blocks where atoms and
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Fig. 1. Left panel: Sparsity in Hartree—Fock computations. The droplet size ranges from
8 to 610 water molecules. Full matrix given as a reference. Right panel: Percentage of
nonzeros in the overlap matrix, the Fock matrix, and the density matrix for varying
truncation threshold 7. Matrices were computed for a water droplet with 610 water
molecules. The matrix size is 7930.

associated basis functions are reordered to group matrix elements associated
with atoms close in space. Sparsity is then considered at the block level and
dense block multiplications are performed using hardware—optimized linear al-
gebra libraries [19,20]. As a consequence, the block sizes are determined by the
chosen basis set and the molecular geometry. A problem with this approach is
that many linear algebra libraries perform considerably better for selected ma-
trix sizes. Additionally, different block sizes appearing in atom and multi—atom
based approaches lead to more substantial heap memory fragmentation which
makes it more difficult to optimally utilize available resources. These problems
can be avoided by choosing uniform block sizes as described later.

The most important matrices involved in HF and KS computations are the
overlap matrix, the Fock matrix, and the density matrix. The right panel of
Figure 1 shows an example of the sparsity of these three matrices for different
values of the truncation threshold 7. The matrices used in the right panel of
Figure 1 correspond to the largest matrix size in the left panel. We note that the
change in sparsity with varying truncation threshold is different for the three
matrices. This is because the sparsity in the overlap matrix is determined by
the basis set only, while for the other matrices, sparsity is also dependent on the
physical properties of the system.

4 Systematic Truncation of Small Elements

There exist several ways to maintain sparsity by dropping small matrix elements.
One appealing way is to explicitly take advantage of the matrix element mag-
nitude dependence on the distance between the corresponding basis function
centers [18,21]. A submatrix is dropped when the shortest distance between the
two atom groups is greater than a predefined cutoff radius. It is, however, rarely



known which cutoff radius that will correspond to a certain accuracy and this
approach will therefore cause severe difficulties with error control. Apart from
risking larger errors than expected, one will usually also include submatrices
with negligible contribution, reducing in this way the efficiency in subsequent
matrix operations [15, 22]. Another way to remove unnecessary submatrices is to
look at the maximum absolute element in the submatrix. The entire submatrix
is dropped if this element is smaller than a preselected threshold. In this way
one is able to strictly control the error. However, the error estimate obtained
with this approach is far from optimally tight[15].

Based on these observations, we have come to the conclusion that it is better
to formulate the truncation in terms of the norm of the entire matrix that one
is interested in. For example, if one is interested in a certain accuracy in the
total HF/KS energy, one should employ a truncation method that is based on
the Frobenius norm of the entire matrix. The idea is simple; while keeping the
error in the chosen norm below some requested threshold, as many submatrices
as possible should be removed. Also, the truncation should be fast. Our method
which we call a Systematic Small-Submatrix Selection Algorithm (SSSA) realizes
this idea [15]. The SSSA outline is the following: The norms of all nonzero
submatrices are computed and placed into a vector. Subsequently, the norms
are sorted in descending order. Finally, small submatrices are removed from the
end of this sorted vector as long as the sum of their norms is below the requested
threshold. Figure 2 shows that the careful filtering obtained by using the SSSA
algorithm together with the Frobenius norm keeps the total HF /KS energy error
at a predictable level.
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Fig. 2. Error in the final HF energy as a function of selected SSSA threshold and system
size. For systems affected by truncation errors, SSSA algorithm keeps their impact at
a strictly controlled level. The benchmark systems are water droplets. Basis set: STO-
3G. The largest system, with 3654 basis functions consists of 522 water molecules.



5 Hierarchic Matrix Library

An optimal data structure for representation of sparse matrices appearing in
HF/KS calculations has to fulfill several conditions. Since the matrices are semi—
dense, the representation must not introduce much overhead. The representation
must allow for quick evaluation of norms as needed for SSSA and be generally
flexible to handle many matrix operations performed on matrices, like matrix
multiplications by ordinary and on-the—fly transposed matrices. We propose a
hierarchic matrix data structure that treats the matrix in several levels. At the
lowest level in the hierarchy, the matrix elements are real numbers just like in
the case of an ordinary full matrix. At higher levels, each matrix element is a
hierarchic matrix. This makes it possible to consider sparsity at several levels
in the hierarchy. If a submatrix is zero at a certain level in the hierarchy, it is
unnecessary to reference lower levels. We have realized this idea using generic
programming in C++ and called the resulting code library the Hierarchic Matrix
Library (HML). A somewhat simplified building block illustrating the idea of
HML is the following template:

template<typename Telement>
class Matrix {
Telement* elements;

};

Using this template one may define an ordinary full matrix type and a hier-
archic three-level matrix type as follows:

typedef Matrix<double> MatrixType;
typedef Matrix<Matrix<Matrix<double> > > ThreeLevelMatrixType;

At the lowest level we use a specialization that calls the Basic Linear Algebra
Subprograms (BLAS). In this way high performance is obtained if the program
is linked to a highly tuned BLAS implementation. The matrix—matrix multipli-
cation at higher levels was implemented by the straightforward triple for-loop.
Recursive algorithms have previously been used in dense matrix operations to
optimally utilize deep memory hierarchies[23]. Also in HML, cache hit rate could
possibly be improved by using some kind of cache oblivious algorithm combined
with a more careful selection of submatrix block sizes at higher levels. In all
benchmarks presented in this article the program was linked to Intel’s Math
Kernel Library (MKL).

Our reordering of basis functions is similar to the one proposed in Ref. [18] in
that it is based on distances in space between atom centers. We have, however,
chosen to keep the block size fixed rather than constraining it to match the num-
ber of basis functions on a set of atom centers. The reason for this is twofold: 1)
At the matrix sizes we are interested in — typically in the range 0 to 200 — BLAS
performance is often highly dependent on the matrix size. 2) Use of a uniform
block size reduces the probability of memory fragmentation. In Figure 3, timings
for two important matrix operations are plotted as functions of block size. The
investigated operations are general matrix—matrix multiply (gemm) and sym-
metric matrix square (sysq). The gemm operation is C = «aop(4)op(B) + SC



and the sysq operation is S = aT? + 3S where a and 3 are scalars, A, B,
and C are general matrices, S and T are symmetric matrices, and op(4) = A
or op(A) = AT. Note that in this figure the block sizes have been chosen as a
multiple of 4 since MKL’s gemm operation is optimized for such matrix sizes.
Scanning block sizes with step 1 would result in a highly jagged plot, with perfor-
mance drops up to 40%. This plot may look different for other underlying BLAS
libraries but suggests that the multiplication performance is fairly immune to
changes of the block size as long as the block size is in the range 24 to 64.
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Fig. 3. Sparse matrix—matrix multiplication performance for different choices of block
size and truncation threshold with fixed matrix size = 2756, with MKL’s full ma-
trix dgemm implementation used as reference. The benchmarks were performed on
an overlap matrix from a HF/KS calculation on a water droplet containing 212 wa-

ter molecules. Left panel: Matrix—matrix multiply (dgemm). Right panel: Symmetric
matrix square (dsysq).

6 Performance

An advantage with the hierarchic data structure compared to the blocked com-
pressed sparse row representation is that symmetry in matrices can easily be
utilized, often increasing the computational speed and reducing the memory us-
age by a factor of 2. This can also be seen in Figure 3 where the time for a sysq
operation for all block sizes is less than 55% of the time for a gemm operation.
In the context of hierarchic matrices this is achieved by recursive computation of
symmetric matrix squares (sysq), symmetric rank—k matrix updates (syrk), sym-
metric matrix—matrix multiplies (symm), and matrix—matrix multiplies (gemm).
Figure 4 displays the performance of the TC2 algorithm using HML compared
to the traditional diagonalization method. It can be seen that purification can
be used for all matrix sizes, not only for large ones, without significant loss

of performance. This is achieved thanks to the limited overhead in the HML
implementation.



10000 u . .
—o— Purification 1= 1074
—— Diagonalization
80007
)
=}
S 6000f
(5]
Q
&£
2 4000t
E
2000}
ogme : : : :
0 2000 4000 6000 8000 10000 12000

Matrix Size

Fig. 4. Benchmark of the trace—correcting purification algorithm implemented with
routines from the Hierarchic Matrix Library (HML) (truncation threshold 7 = 10™%)
compared to diagonalization with the Math Kernel Library’s dsygv.

7 Summary and Conclusions

We have presented a unique combination of theoretical methods, algorithms
and data representation that allows to efficiently store and process matrices
appearing in HF and KS theories. Our implementation uses a hierarchic data
structure to efficiently store and access elements of sparse matrices, maintaining
the truncation error under a requested threshold. This data structure makes it
possible to implement many interesting algorithms in an efficient and transparent
manner. As an example of such an algorithm, we have chosen the purification
algorithm that thanks to our implementation can be used for robust and efficient
calculations of electron density matrices in the HF and KS theories. Benchmarks
that we present show that purification as implemented by us is competitive to
the diagonalization method, becoming superior already for 4000 basis functions,
even for dense, three-dimensional systems like water droplets, while maintaining
high accuracy.
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